An approximation for the fill rate, i.e. the percentage of demand being delivered from inventory on hand immediately, is derived for items in a periodic review inventory control system with lost sales. We assume demand is stochastic and discrete, lead times are positive and replenishments are made in multiples of a given fixed case pack size. Most literature on inventory control systems assumes that unmet demand is backordered. The major reason for this is that the analysis of a general lost sales inventory system is known to be hard. To find an approximation for the fill rate, given a safety stock, we start with existing analytical approximations. By applying linear regression, we slightly modify these existing approximations. The new approximation is tested for a wide set of parameters and performs very well: the average approximation error for the fill rate is only 0.28% and the standard deviation of the approximation error is 0.45%. Since the approximations are very fast, this result enables inventory controllers dealing with a lost sales inventory system to set safety stocks in accordance with the target service level set by their management in an effective way. The results of our study also show that the assumption that the lost sales system can simply be approximated by a 1 backordering system if the target fill rate is at least 95%, may lead to serious approximation errors.
Determination Of Safety Stocks In

Introduction
Many inventory systems in practice are confronted with lost sales if demand can not be delivered instantaneously from inventory on hand. In a worldwide survey on out-of-stocks in the fast moving consumer goods retail sector for example, Gruen et al. (2002) show that only 15% of all customers delay the purchase if they are faced with a stock-out for their preferred product in a particular store. The other 85% of the customers decide to buy another product (substitution), buy the product in another store or not buy the product at all. In all these cases demand for the preferred product-store combination is lost.
While lost sales systems are very relevant in practice, most scientific papers on stochastic inventory models assume backordering. The reason for the limited attention for lost sales systems in the scientific literature is the fact that discrete-time inventory models with stochastic demands, a constant lead-time and lost sales are notoriously difficult (Zipkin, 2008) . The first structural results were derived by Karlin and Scarf (1958) and Morton (1969) . In contrast to the case with backordering, where the optimal reorder quantity can be derived from a single number (the sum of the inventory on hand and on order), in case of lost sales the optimal reorder quantity is a function of the inventory on hand as well the timing and quantity of all outstanding orders.
As a result, the state space increases rapidly as the lead-time increases.
For an extensive and recent review of the literature on lost sales systems we refer to Bijvank (2009) . He classifies the literature in four categories: continuous review systems with fixed or variable order sizes (referred to as (s,Q) and (s,S) policies) and periodic review systems without and with fixed order costs. His literature review confirms that there are only a limited number of papers dealing with lost sales systems and the vast majority of these papers make simplifying assumptions to make them analytically tractable. Out of the 57 papers he identified, 18 papers study continuous review systems with a fixed order size and the majority of these papers (13 papers) assume at most 1 (or 2) orders are outstanding, while four other papers assume lead-time and/or demand have a specific probability distribution function (e.g. Poisson).
Likewise, out of the nine papers on continuous review systems with variable order sizes, i.e.
(s,S)-order-up-to policies, seven papers assume s=S-1. The majority of the 30 papers on periodic review systems assume there are no fixed order costs (24 papers) and out of the remaining 6 papers only one paper, by Johansen and Hill (2000) , deals with fixed order sizes. Their paper assumes that at most one order is outstanding, which limits its applicability.
Another observation from this literature review is the fact that in the majority of the 57 papers on lost sales systems the objective is to minimise costs, while only eight papers are based on a minimal service restriction. the optimal policy in a periodic review setting with a service level constraint for a wide set of inventory systems and concludes that the (R,s,nQ)-policy is close to optimal (around 0.3% deviation), but that there is a need for a good approximation procedure to set the control parameters. Recently Zipkin (2008) evaluated base stock policies in lost sales systems and identified specific areas where they are more than 5% from optimal: if the lot-size is very small (the ratio between case pack size and average demand per review period was equal to 0.2 in his experiments), the penalty costs for lost sales are low and the lead-time is large. If these three conditions are met simultaneously, it is suggested to apply one of the other policies investigated by Zipkin.
Our paper is the first paper studying for a wide set of product-and demand-parameters the determination of the reorder level in a lost sales system with a (R,s,nQ)-policy in a periodic review setting with a service level constraint. We derive and test an approximation for the fill rate as a function of the safety stock and a fixed case pack size (often determined by an external supplier). Based on the literature we first identify two constructs of variables having a large impact on the performance of lost sales systems. Next we study the behavior of three currently existing approximations for the fill rate in lost sales systems as a function of these constructs of variables. Finally we use linear regression and the constructs of variables to improve the current approximations. Ehrhardt (1979 Ehrhardt ( , 1984 and Schneider and Ringuest (1990) We compare the performance of the new approximation with the current approximations and show that the new approximation performs very well: the average and standard deviation of the approximation error is below 0.5%. Since the approximations are very fast, this result enables inventory controllers dealing with a lost sales inventory system to set safety stocks in accordance with the target service level set by their management in an effective way.
The structure of this paper is as follows. In Section 2 the model assumptions and notation are introduced. Section 3 introduces and evaluates three currently existing approximations. The new approximation is developed and tested in Section 4. Section 5 gives the conclusions of this paper and suggestions for future research.
Model assumptions and notation
We study a single echelon inventory system having a positive lead time L , a review period R , a fixed case pack size Q and stochastic discrete demand per period with mean µ and variance 2 σ . Demand which is not met from stock is lost.
In the model, the sequence of events during a period is as follows: first demand is subtracted from the inventory during the period, performance measures such as the service level are calculated, goods arrive, and finally the orders are placed.
The reorder policy is a simple (R,s,nQ)-policy; if at a review moment the inventory position drops below the reorder level s, an integer multiple of case packs each with fixed size Q units are ordered in order to raise the inventory position back to or above s. The reorder level s is equal to
, with ss denoting the safety stock. The service level of the inventory system is measured via the service level 2 P , also known as the fill rate. The fill rate is defined as the percentage of demand which can be satisfied from the inventory on hand immediately.
To evaluate the quality of the approximations to be derived in this paper, we simulated a very large number of inventory systems by changing all six system-parameters in a systematic way: the average demand, the variance to mean ratio for the demand, the case pack size, the leadtime, the review period and the safety stock. Table 1 shows which values were attributed to these For every combination of parameter values we varied the safety stock, starting at value zero and increasing it in steps of 1 unit until a fill rate of 99% was passed. This implies that our experimental design also includes experiments with a low fill rate (51.3%) as well as experiments with a very high fill rate (99.95%). Bijvank (2009) targeted for a minimum fill rate equal to 85%, 90% and 95%. By varying all parameters in this way (including the safety stock)
we have 12544 simulation experiments in total. Based on the guidelines in Law and Kelton (2000), per simulation experiment we performed at least 10 replications, each consisting of 350 periods as the warming-up periods and ending with 7000 periods in which the statistics are recorded. We replicated until we reached an absolute precision for the fill rate 002 . 0 2 ± P with 95% confidence.
Please put Table 1 here.
Three current approximations
The new approximation for the fill rate in a lost sales inventory system to be developed in this paper is an extension of and improvement on currently existing approximations. Therefore we first introduce three current approximations and show their performance, based on the design of experiments described in the previous section. Based on their performance, we argue how their performance can be improved, leading to the new approximation.
The simplest approximation is based on the assumption that the performance of the lost sales system is equal to the performance of the backorder system which is identical to the lost sales system on all aspects except for the fact that demand which cannot be delivered from inventory on hand is backordered instead of being lost. This approximation is called P2BO. As 
Recently, Van Donselaar and Broekmeulen (2009) introduced an iterative procedure to determine the fill rate in a lost sales system. In each iteration the fill rate for a lost sales system with stochastic demand D is set equal to the fill rate in a backordering system with stochastic demand equal to D′ , where the mean and variance of D′ are equal to the mean and variance of D times the fill rate for the lost sales system determined in the previous iteration. In the first iteration D′ is set equal to D . The fill rate in the i-th iteration is then determined as follows:
,...) (..., 1 ,...) (..., 1
All these three current approximations are based on the fill rate in the backorder system.
Van Donselaar and Broekmeulen (2009) derived the following formula for the fill rate in a backorder system with a (R,s,nQ) replenishment logic and with discrete stochastic demand: The third approximation has been tested only for parameter settings which are typical for perishable products, e.g. small case pack sizes and small lead times. Therefore we first evaluate the performance of the three approximations using the design of experiments introduced in the previous section. Figure 1 shows the performance of the first approximation, which is based on the assumption that the lost sales system behaves in the same way as the backordering system. For a given safety stock the fill rate in the lost sales system (according to the simulation) is given on the horizontal axis and on the vertical axis the fill rate for the backorder system is given. The fill rate in the lost sales system is always at least as high as in the backorder system, but sometimes the difference gets very large, for example when the fill rate in the backorder system is below 60% while the fill rate in the lost sales system exceeds 90%. The service level in the lost sales system for a given safety stock is always at least as high as the service level in the backordering system, since the actual sales per period in a lost sales system (equal to µ LS P 2 ) are less than the actual sales in a backordering system (equal to µ ). So with the same amount of inventory in the system, due to lower sales the same or a higher service level can be achieved in the lost sales system. Figure 2 shows the performance of the second and the third approximation, which from here on are referred to as P2Silv and P2DoBr.
Please put Figure 1 here. Please put Figure 2 here.
To evaluate the performance of these approximations, we calculate the average and the standard deviation of the approximation error. The approximation error is equal to the fill rate based on simulation (P2LS) minus the approximated fill rate. The results in Table 2 show that the approximation of Van Donselaar and Broekmeulen performs best, but still has an average error equal to 2.1% with a standard deviation equal to 1.8%.
Please put Table 2 here.
Since in most practical situations the target fill rate is high, Table 3 also shows the performance of the three approximations for the subset of experiments where the fill rate in the simulated lost sales system is equal to or above 95%. Although the average errors are lower, they are still substantial. Especially note that when the backordering approximation is used (P2BO), the average error is equal to 3.8%. This shows that even when the target fill rate is high, serious errors can be made when a lost sales system is approximated by a backordering system. Please put Table 3 here.
The new approximation
In order to develop a new approximation, we first identify two constructs of variables having a large impact on the performance of lost sales systems. Next we study the behavior of the current approximations for the fill rate in lost sales systems (introduced in the previous Section) as a function of these constructs of variables. Finally we use linear regression and the constructs of variables to improve the current approximations.
Two important factors to take into account when the fill rate of a lost sales system is determined are the extent to which the demand during the lead-time plus review period is uncertain and the number of orders outstanding. The first can be easily measured via the coefficient of variation of the demand during the lead-time plus review period which, in case demand is identically and independently distributed, is simply equal to: Hadley and Whitin (p. 197 ) noted that for the lost sales system it is necessary to take explicit account of the number of orders outstanding and the times at which they were placed. The simplest single measure to take into account the number of outstanding orders is the variable nOO , which is defined as the ratio between the expected demand during the lead-time ( µ L ) and a simple proxy for the expected order size ( ) ; max(
To illustrate how important indeed these two variables are in explaining the fill rate of the lost sales system, we show again Figures 1 and 2 
The coefficients α and β (resp. (5) and (6) .
The first step now is to determine the value of the coefficients α and β for specific values of nOO (resp. R L c + ). Please put Table 4 here. The new approximation, as described in (7) and (8), is tested with a new set of experiments.
For this purpose we randomly generated 100 inventory systems. Next, in each inventory system we varied the safety stock from zero to the level where a fill rate of 99% was reached. This resulted in 3130 simulation experiments, for which we determined P2LS and then used the new approximation P2New. The parameters in the 100 random inventory systems were drawn from continuous uniform distributions on the average demand (between 1 and 10), the variance to mean ratio (between 0,1 and 10), the case pack size equal to   To evaluate the new approximation (P2New) we determine the average and standard deviation of the approximation error and compare it with the performance of the three other approximations. Table 5 reports these measures for the 3130 simulation experiments described above. The results show that the new approximation performs very well. The average approximation error for P2New is equal to 0.28% with a standard deviation equal to 0.45%.
Please put Table 5 here.
The performance of the new approximation for this test bed can also be shown with the graphs showing both the four approximations and the simulated fill rate of the lost sales system.
Please put Figure 5 here.
Conclusions and future research
While several textbooks suggests that the lost sales model can be treated as a backorder model as long as the service level is high, this paper has shown that even with high target service levels the backorder model can seriously overestimate the amount of safety stock needed. The safety stock is particularly overestimated if the relative demand uncertainty during lead-time and review period is small and/or the number of outstanding orders is large. Especially in these situations as well as in situations with a low target service level, the new approximation developed in this paper is very valuable. The new approximation for the (R,s,nQ)-policy in a lost sales inventory system performs very well: the average approximation error is 0.28% and the standard deviation of the approximation error is 0.45%. Since the approximations are very fast, this result enables inventory controllers dealing with a lost sales inventory system to set safety stocks in accordance with the target service level set by their management in an effective way.
Although our approximation performs well over a very wide set of parameters, the results should only be applied in an environment where the (R,s,nQ)-policy is close to optimal. Bijvank
